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Abstract

DBSCAN is a popular method for clustering multi-dimensional objects. Just as notable as the
method’s vast success is the research community’s quest for its efficient computation. The original
KDD’96 paper claimed an algorithm with O(n log n) running time, where n is the number of objects.
Unfortunately, this is a miss claim; and that algorithm actually requires O(n2) time. There has been
a fix in 2D space, where a genuine O(n log n)-time algorithm has been found. Looking for a fix for
dimensionality d > 3 is currently an important open problem. In this report, we prove that for d >
3, the DBSCAN problem requires (n4/3) time to solve, unless very significant breakthroughs - ones
widely believed to be impossible - could be made in theoretical computer science. This (i) explains
why the community’s search for fixing the aforementioned mis-claim has been futile for d > 3, and
(ii) indicates (sadly) that all DBSCAN algorithms must be intolerably slow even on moderately large
n in practice. Surprisingly, we show that the running time can be dramatically brought down to
O(n) in expectation regardless of the dimensionality d, as soon as slight inaccuracy in the clustering
results is permitted. We formalize our findings into the new notion of p-approximate DBSCAN,
which we believe should replace DBSCAN on big data due to the latter’s computational intractability.

Introduction

Density-based clustering is one of the most fundamental topics in data mining. Given a set P
of n points in d-dimensional space Rd, the objective is to group the points of P into subsets - called
clusters - such that any two clusters are separated by “sparse regions” (Figure 1).

The left one contains 4 snake-shaped clusters, while the right one contains 3 clusters together
with some noise. The main advantage of density-based clustering (over methods such as k-means)
is its capability of discovering clusters with arbitrary shapes (while k-means typically returns ball-
like clusters).

Density-based clustering can be achieved using a variety of approaches, which differ mainly
in their (i) definitions of “dense/sparse regions”, and (ii) criteria of how dense regions should
be connected to form clusters. In this report, we concentrate on DBSCAN, which is an elegant
approach invented by Ester, Kriegel, Sander, and Xu, and received the test-of-time award in KDD’14.
DBSCAN characterizes “density/sparsity” by resorting to two parameters.

Our Contributions

This report makes three contributions. First, we prove that the DBSCAN problem requires (n4/3)
time to solve in d >3, unless very significant breakthroughs (ones widely believed to be impossible) can
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be made in theoretical computer science. Note that n4/3 is arbitrarily
larger than n logc n, regardless of constant c. Second, we introduce
a new concept called p-approximate DBSCAN as an alternative to
DBSCAN on large datasets of d > 3. Approximate DBSCAN comes
with very strong assurances in both quality and efficiency. For quality,
its clustering result is guaranteed to be “sandwiched” between the
results of DBSCAN obtained with parameters (¢,MinPts) and (¢(1
+p),MinPts), respectively. This is much desired in practice, because it
is well-known [2] that there is a comfortable range of ¢ that will yield
good DBSCAN clusters.

For efficiency, we prove that p-approximate DBSCAN can
be solved in linear O(n) expected time, for any ¢, arbitrarily small
constant p, and in any fixed dimensionality d! It is rather surprising
that such a small sacrifice of accuracy can bring this tremendous gain
in running time. Third, we perform DBSCAN experiments on datasets
significantly larger than those used in all the previous experiments to
our awareness. The experiments reveal that, as predicted by theory,
none of the exact DBSCAN algorithms has acceptable running time
even in 3D (which perhaps explains why the previous evaluation was
done only on small datasets). In contrast, our new p-approximate
DBSCAN algorithm exhibits graceful scalability with respect to all
parameters, and outperforms even the fastest exact algorithm by a
factor up to three orders of magnitude.

Related Work

As before, let P be a set of n points in d-dimensional space Rd.
Given two points p, g € Rd, we denote by dist (p, q) the Euclidean
distance between p and g. Denote by B(p, r) the ball centered at a
point p € Rd with radius .

Remember that DBSCAN takes two parameters: ¢ and MinPts.

Definition 1 A point p € P is a core point if B(p, ) covers at least
MinPts points of P (including p itself). If p is not a core point, it is said
to be a non-core point. To illustrate, suppose that P is the set of points
in Figure, where MinPts = 4 and the two circles have radius ¢. Core
points are shown in black, and non-core points in white.

DEFINITION 2 A cluster C is a non-empty subset of P such that:

o (Maximality) If a core point p € C, then all the points density-

reachable from p also belong to C (Figure 2).
p Approximate DBSCAN

The hardness result in Theorem 1 implies that DBSCAN is
feasible only in 2D space. Even for d = 3, the computation time
becomes strongly polynomial to n such that it will take an intolerably
long period of time to calculate the clusters precisely. This opens the
door to studying approximate DBSCAN.

DEFINITION 4 A point q € P is p-approximate density-reachable
from p € P if there is a sequence of points p1, p2, ..., pt € P (for some
integer t > 2) such that:

pl=pandpt=q

pL p2, ..., Pt—1 are core points

pi+l € B(pi, 9(1 + p)) for eachi € [1,t—1].
Experiments

We now present an empirical evaluation of the proposed
techniques. All the experiments were run on a machine equipped
with 3.2GHz CPU and 8 GB memory. The operating system was
Linux (Ubuntu 13.04). All the programs were coded in C++, and
compiled using g++ with -03 turned on.

Datasets

Except in a single experiment (for visualization), we focused on
dimensionality d > 3 because the 2D case has been well solved in [11].
In all cases, the underlying data space had a normalized domain of
[0, 105] for every dimension. We deployed both synthetic and real
datasets whose details are explained next. Synthetic: Seed Spreader
(SS). A synthetic dataset was generated in a “random walk with restart”
fashion. First, fix the dimensionality d, take the target cardinality n,
a restart probability p restart, and a noise percentage p noise. Then,
we simulate a seed spreader that moves about in the space, and spits
out data points around its current location. The spreader carries a
local counter such that whenever the counter reaches 0, the spreader
moves a distance of r shift towards a random direction, after which the
counter is reset to ¢ reset. The spreader works in steps. In each step,
(i) with probability p restart, the spreader restarts, by jumping to a
random location in the data space, and resetting its counter to c reset;
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An example dataset (the two circles have radius g; MinPts = 4)
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Figure 3:
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Running time vs. cardinality n (¢ = 5000, p = 0.001)

(ii) no matter if a restart has happened, the spreader produces a point
uniformly at random in the ball centered at its current location with
radius 100, after which the local counter decreases by 1. Intuitively,
every time a restart happens, the spreader begins to generate a new
cluster. In the first step, a restart is forced so as to put the spreader
at a random location. We repeat in total n(1-p noise) steps, which
generate the same number of points.

Computational efficiency

We now proceed to inspect the running time of DBSCAN
clustering using four algorithms:

« KDD96 [10]: the original DBSCAN algorithm in [10];

« CIT08 [17]: the state of the art of exact DBSCAN, namely, the
fastest existing algorithm able to produce the same DBSCAN result
as KDD96;

« Our Exact: the exact DBSCAN algorithm we developed in
Theorem 2;

o Our Approx.: The p-approximate DBSCAN algorithm we
proposed in Theorem 4.

Scalability with Cardinality n the first experiment examines how
each method scales with the number n objects. For this purpose,
we used synthetic SS datasets of 3D, 5D, and 7D by varying n from
100k to 10m. If KDD96 and CIT08 do not have results at a value
of n, it means that they did not terminate within 12 hours in the
corresponding experiments! Our Exact managed to finish within 104
seconds (less than 3 hours) even on the largest dataset. However, this
is dwarfed by the superb efficiency of Our Approx. which took less
than 490 seconds in all cases, and were often faster than Our Exact
by a factor of two orders of magnitude. As an interesting note, all
methods were fast when the dataset was small, e.g., when n = 100k.
This is perhaps the reason why most (if not all) of the previous
evaluation of DBSCAN algorithms, as far as we are aware, was on
datasets of this scale (Figure 3).

Conclusions

DBSCAN is a creative, elegant, and effective technique for
density-based clustering, which is very extensively applied in data
mining, machine learning, and databases. However, all the existing
DBSCAN algorithms have poor scalability with the dataset size in
dimensionality d > 3. This is unfortunate because clustering in d >
3 is important, due to the frequent need of using multiple features
to accurately model an object. In this report, we explain rigorously
why the community’s search for a fast DBSCAN algorithm for
d>3 has been unsuccessful. We show that, unless very significant

breakthroughs (ones widely believed to be impossible) can be made
in theoretical computer science, the DBSCAN algorithm requires
(n4/3) time to solve, where n is the size of the underlying dataset.
This strongly polynomial complexity essentially states that DBSCAN
is computationally intractable in practice, even for moderately
large n! This is very disappointing especially given the arrival of the
big data era. Motivated by this, we propose the novel concept of
p-approximate DBSCAN, which is designed to replace DBSCAN on
large-scale data. We prove both theoretical and experimentally that
p-approximate DBSCAN has excellent guarantees both in the quality
of cluster approximation and computational efficiency. In fact, almost
in all scenarios, it returns exactly the same clusters as DBSCAN but
requires computation time only linear to n.
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